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Boundary of the Range of Transient Random Walk 


Amine Asselah* k Bruno ScHAPiRAt 


Abstract 

We study the boundary of the range of simple random walk on in the transient case 
d > 3. We show that volumes of the range and its boundary differ mainly by a martingale. 
As a consequence, we obtain an upper bound on the variance of order n log n in dimension 
three. We also establish a Central Limit Theorem in dimension four and larger. 


1 Introduction 

Let (S'n, n > 0) be a simple random walk on lA. Its range TZn = {5o,... ,Sn} is a familiar 
object of Probability Theory since Dvoretzky and Erdos’ influential paper [DE] . The object of 
interest in this paper is the boundary of the range 

dTZn = {x G TZn ■ there exists y ~ x with y 0 TZn}-, (1-1) 

where x ~ y means that x and y are at (graph) distance one. Our interest was triggered by 
a recent paper of Berestycki and Yadin m which proposes a model of hydrophobic polymer 
in an aqueous solvent, consisting of tilting the law of a simple random walk by exp(—f3\dTZn\)■ 
One interprets the range as the space occupied by the polymer, and its complement as the 
space occupied by the solvent. Hydrophobic means that the monomers dislike the solvent, and 
the polymer tries to minimize the boundary of the range. The Gibbs’ weight tends to minimize 
contacts between the monomers and the solvent, and the steric effect has been forgotten to make 
the model mathematically tractable. Besides its physical appeal, the model gives a central role 
to the boundary of the range, an object which remained mainly in the shadow until recently. To 
our knowledge it first appeared in the study of the entropy of the range of a simple random walk 
|BKYY] . with the conclusion that in dimension two or larger, the entropy of the range scales 
like the size of the boundary of the range. Recently, Okada |Okl] has established a law of large 
numbers for the boundary of the range for a transient random walk, and has obtained bounds 
on its expectation in dimension two. 


Theorem 1.1. [Okada] Consider a simple random walk in dimension d = 2. Then 

1E[|97^„|] 


TT 

— < lim 
2 n/log"‘{n 




< 27r" 


( 1 . 2 ) 


where part of the result is that the limit exists. Moreover, when d> 3, almost surely 

lim - — = P({z : z ^ 0} (f. TZoo U TZoo, Hq = oo) , (1.3) 

n—>-oo n ^ ' 

where TZoo is the range of a random walk in an infinite time horizon, and Hq is the hitting time 
of 0, whereas quantities with tilde correspond to those of an independent copy of the random 
walk. 
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The range of a random walk has nice properties: (i) it is an increasing function of time, (ii) 
the event that belongs to TZn for k < n is cr(5o,..., 5fc)-measurable, (hi) the volume of the 
range TZn is the union of the collection of sub-ranges {Sk,k S /} as I runs over a partition of 
[0, n]. A little thought shows that the boundary of the range shares none of these properties, 
making its study more difficult. The thrust of our study is to show that for a transient random 
walk, range and boundary of the range are nonetheless correlated objects. Indeed, we present 
two ways to appreciate their similar nature. On one hand the sizes of the boundary of the range 
and some range-like sets defined below (the TZny) differ mainly by a martingale. On the other 
hand, we show that the boundary of the range, as the range itself, can be analyzed through a 
dyadic decomposition of the path. To make the first statement precise, we need more notation. 
Let Vq = {z : z ~ 0}, be the neighbors of the origin, and for any nonempty subset V of Vq, 
let TZny be the set of sites of whose first visit occurs at some time k < n, and such that 
{Sk + Vo)r\TZ'j^_^ = Sk + V. In particular, TZny behaves like the range in the sense that properties 
(i)-(ii) listed above do hold, and as we will see below, their variance can be bounded using the 
same kind of techniques as for the range. 

Note also that TZn is the disjoint union of the TZny, with V subset of Vq. We are now ready 
for our first observation. 


Proposition 1.2. There is a martingale {Mn, n € N), adapted to the standard filtration such 
that for any positive integer n, 


\dTZn\ — Pv + Mn + £n, 

Vc.Vo 

with /90 = 0 and for any non-empty V in Vq 


( 0{n) if d = 3 

py = p(p 7^oo) and E (T^) = I 0{log^{n)) if d = A 

{ 0(1) i/d>5. 


(1.4) 


(1.5) 


Remark 1.1. The decomposition (HID is simply Doob’s decomposition of the adapted process 
\dTZn\ — £n, as we see more precisely in Sectionl^ The key observation however is that the 
increasing process (in Doob’s decomposition) behaves like the range. 

Jain and Pruitt m have established a Central Limit Theorem for the range in dimension 
three with a variance scaling like nlogn. Proposition 11.21 makes us expect that the boundary 
of the range has a similar behavior. Indeed, we establish the following estimate on the mean 
square of the martingale. This estimate is delicate, uses precise Green’s function asymptotics, 
and the symmetry of the walk. It is our main technical contribution. 

Proposition 1.3. There are positive constants {Cd,d > 3}, such that 


Var{Mn) < 


C 3 n log n if d = 3 
CdU if d > A. 


Also, following the approach of Jain and Pruitt m, we establish the following estimate on 
the range-like object TZny- 

Proposition 1.4. Assume that d = 3, and let V he a nonempty subset 0/Vq. There is a positive 
constant C, such that 

Var(|7^„y|) < Cnlogn. (1.6) 
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Then, a useful corollary of Propositions 11.2111.31 and 11.41 is the corresponding bound for the 
variance of the boundary of the range in dimension 3. 

Theorem 1.5. Assume that d = 3. Then, there is a positive constant C, such that 

Var{\dTZn\) < Cnlogn. (1.7) 

Remark 1.2. Using the approach of Jain and Pruitt m, it is not clear how to obtain a Central 
Limit Theorem for TZny (see Remark\Af^ of the Appendix). 

Now the boundary of the range has a decomposition similar to the classical Le Gall’s decom¬ 
position m in terms of intersection of independent ranges. This decomposition, though simple, 
requires more notation to be presented. For integers n, m let Tl{n,n + m) = {Sk — Sn}n<k<n+m, 
with the shorthand notation TZn = 77(0, n), and note that 

77(0, n + m) = 77(0, n) U [Sn + 77(n, n + m)). 

Observe that ^(0,n) := —Sn + 77(0, n) and 77(n, n -|- m) are independent and that by the 
symmetry of the walk ^(0,n) (resp. 77(n,n-|-m)) has the same law as 77(0, n) (resp. 77(0, m)): 
it corresponds to the range of a walk seen backward from position Sn- Finally, note the well 
known decomposition 

|77(0, n -|- m)| = |77(0, n)| + |77(n, n -|- m)| — |^(0, n) n 77(n, n -|- m)|. (1.8) 

Equality (11.81) is the basis of Le Gall’s celebrated paper m on the range of recurrent random 
walk. It is also a key ingredient in most work on self-intersection of random walks (see the book 
of Chen u for many references). 

To write a relation as useful as (UHl) for the boundary of the range, we introduce more 
notation. For A C we denote A+ = A -|- Vq, with Vq = VqU {0}, and we define its boundary 
as 

(9A = { 2 ; e A : £ A'’ with y ~ 2 }. 

Now, our simple observation is as follows. 

Proposition 1.6. For any integers n,m 

0 > |(977(0, n -|- m)| — (|977(0, n)| -|- \dTZ{n, n -|- m)|) > —Z{n, m), (1.9) 

with 

Z{n, m) = 1^(0, n) n 77^(n, n -|- m)| -(- |^■'■(0, n) n 77(n, n -|- m)|. (1-10) 

We focus now on consequences of this simple decomposition. For d > 3, we define functions 
n ^rf(n), with the following dimension depending growth 

V’3(^) = ’f’iin) = logn, and for d > 4, = 1. (1-11) 

An essential step for a Central Limit Theorem, is to establish a linear lower bound on the 
variance. Our bounds hold in dimension three and larger. 

Proposition 1.7. Assume that d > 3. There are positive constants {cd, d > 3}, such that 

Var{\dTZn\) > Cdn. (1-12) 
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The idea behind the linear lower bound (|1.12l) is to show that there is a clock process whose 
fluctuations are normal (on a scale square root of the time elapsed), and which is independent 
of the boundary of the range process. Thus, typical fluctuations of the clock process, provoke a 
time change at constant boundary of the range. Note that in dimension 3, this technique does 
not allow to obtain a lower bound of order nlogn, matching our upper bound (see also Remark 
IA.2l for some additional comment on this). 

We now formulate our main Theorem. 


Theorem 1.8. When dimension is larger than or equal to three, there are constants {C^, d > 3}, 
such that for any positive integer n 


CdMn) > 1E[|^7^^|] 

n ~ n 


lim 

k^oo k 


(1.13) 


Assume now that the dimension is four or larger. Then, the limit of Var(\dTZn\) /n exists, is 
positive, and for all n> 1, 

VarildTZnl) Va^(|57^fc|) 

-iim - - - 

Th k —^oo k 


< 


Cdy/nifd{n) 


n 


(1.14) 


Moreover, a standard Central Limit Theorem holds for \dTZn\. 

Remark 1.9. We have stated our results for the simple random walk, but they hold, with 
similar proofs, for walks with symmetric and finitely supported increments. 

Okada obtains also in [Okl] a large deviation principle for the upper tail (the probability 
that the boundary be larger than its mean), and in [Ok2] he studies the most frequently visited 
sites of the boundary, and proves results analogous to what is known for the range. 

In a companion paper 1^, we obtain large deviations for the lower tail, and provide appli¬ 
cations to phase transition for a properly normalized Berestycki-Yadin’s polymer model. 

The rest of the paper is organized as follows. In Section [21 we fix notation, recall known 
results on the Green’s function, and prove a result about covering a finite subset. In Section[3l we 
establish the Martingale decomposition of Proposition 11.21 and prove Proposition 11.31 We prove 
Proposition ll.Tl in SectionjH In Section^ we present the dyadic decomposition for the boundary 
of the range and deduce Theorem 11.81 using Le Gall’s argument. Finally in the Appendix, we 
prove Proposition 11.41 


2 Notation and Prerequisites 

For any y,z ^ we denote by \\z — y|| the Euclidean norm between y and z, and by {y,z) 
the corresponding scalar product. Then for any r > 0 we denote by B{z,r) the ball of radius r 
centered at z: 

B{z,r) ■.= {y : \\z — y\\<r}. 

For X € we let be the law of the random walk starting from x, and denote its standard 
filtration by (J-^, A: > 0). For A a subset of Z'’* we define the hitting time of A as 

Ra := inf{n >1 : S'n G A}, 

that we abbreviate in when A is reduced to a single point x. Note that in this definition we 
use the convention to consider only times larger than or equal to one. At some point it will also 
be convenient to consider a shifted version, so we also define for k > 0, 

:= inf{n >k : G A}. (2.1) 
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We will need bounds on the heat kernel, so let us recall a standard result: 


IF’(<S'n = z) < C exp(—c|| 2 ;|| /n) for all z and n > 1, 


( 2 . 2 ) 


for some positive constants c and C (see for instance [HSC| 1. Now we recall also the definition 
and some basic properties of Green’s function. For u,v £ Z'’*, the Green’s function is 

G{u, v) = ]E„ 1 ^ ^ = u} = ¥u[Hy < oo] • G(0,0), 

n>0 

and we use extensively the well-known bound (see im Theorem 4.3.1]): 

1 


G{0,z) = O 


(2.3) 


_1 -|- \\z\\^ 2 

We also consider Green’s function restricted to a set A C Z'’*, which for u,v £ A is defined by 

Hac — 1 


Ga(u,u)=E„[^ ^ = 


n=0 

We recall that Ga is symmetric (see m Lemma 4.6.1]): 

Ga{u,v) = Ga{v,u) for all u,v £ A, 

and that G is also invariant by translation of the coordinates: G{u,v) = G{0,v — u). Also, for 

n > 0, 


G„(u, u) = ^ = u} 


A:=0 


(2.4) 


It is well known (use (12.3p and Theorem 3.6 of [LGj l that for defined in (II.lip , we have, for 
some positive constants {Gd-,d > 3} 


Gl{0,z) < GrfV’d(n). 


(2.5) 


We can now state the main result of this section. 

Lemma 2.1. Let K be a fixed finite subset and fix z £ A. Then, there is a constant c(A), 

such that for any two neighboring sites y ^ y', 

P,(A c HA - P,'(A C = cA fi'-fifi-/'' + O (l^^) . (2.6) 

Moreover, 


c(A) 


1 

dvd 


{Ha = oo) F^{Acn^), 

xgA v^A 


where denote the volume of the unit ball in 
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Proof. First, since A is finite, and (12.6h is an asymptotic result, we can always assume that y 
and y' do not belong to A. Now by a first entry decomposition 


Py(A c 7^oo) = Fy {Sha =x, Ha< oo)Pa;(A c 7^oo)• (2.7) 

xGA 


Next, fix X € A and transform the harmonic measure into the restricted Green’s function (see 
for instance m Lemma 6.3.6]): 

^ GA-iy,v) = ^ GAc(u,y). 

V€:A^,V>^X VGA^,V'^X 


Note also (see im Proposition 4.6.2]) that 

GA<^{v,y) = G{v,y) I{iLA < oo}^(S ha,?/) 


Therefore, 


i{SHA = x,HA<oo)-Fy,{SHf,=x,HA<oo) = — Y {G{v,y) - G{v,y')) 


vGA^, v^x 


1 


^ E, [l{iLA<oo}(G(Aj,^,2/)-G(SHA,2/')) 


vGA^, V'^x 


( 2 . 8 ) 


Now, since A is finite, we have im Corollary 4.3.3]) the expansion for any z' € A"*" (recall that 
z is a given site in A), 


/-i{ f \ /-i( / f\ 2 (y y-iV '^) I /n 

G{z ,y) -G{z ,y) = -^— + O 

Combining (I2.7jl . (12.81) and (12.91) we obtain the result (12.61) . 


— z 


(2.9) 

□ 


3 Martingale Decomposition 

In this Section, we establish Proposition [T21 as well as Proposition 11.31 dealing with the variance 
of the martingale. 

3.1 Definition of the martingale and proof of Proposition 11.21 

For V nonempty subset of Vq and A: > 0, let 

Iky = ^ 77fc_i and {S^ + Vb) (H 77^ = + V}, 

and 

Jky = H{Sk + V)^{Sj, j>k}}. 

Then for n > 1, define 

Jk,ny = I{(<S'fc + V) {Sk, ..., 5'n}}, 

and 

dTZn,v = {'S'fc : IkyJk,ny = 1, A: < n}. (3.1) 
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Note that dTZn is the disjoint union of the dTZny, for V non empty subset of Vq. Now instead 
of looking at Ylk<n^k,vJk,n,v (which is equal to \dTlny\), we look at 

n—1 

Yny = hyJky- 

k=0 

However, since Yny is not adapted to Tn, we consider 

Xny = ^\Yny I Yn], 

and think of Xny as a good approximation for \dTZny\- So we define an error term as 

^ny ■— X^y■ 


Now the Doob decomposition of the adapted process Xny reads as Xny = Mny + Any, with 
Alny a martingale and Any a predictable process. Since 


n—1 


Xny = I Xn], 


we have 


A:=0 


n—1 


Any = '^Iky^[Jky I Xk]. 


k=0 

Moreover, the Markov property also gives 

^[Jky I Xk] = ^[Jky] = ^ Xoo) = pv, 

for any /c > 0. Therefore, 

IdTZnyl = Alny + pv\Xn-iy \ + Sny for all V C Vq, 


where we defined for m > 0, 


Xniy — {Sk ■ Iky — 1) k ^ m}. 


Summing up Mny over nonempty subsets of Vq we obtain another martingale Mn = YlvcVo Alny, 
and the error term £n = XlycVb since \dIZn\ is also the sum over nonempty subsets of 

the \dTZny\, we obtain the first part of Proposition 11.21 namely Equation (ll.4p . 

Now we prove (USD. First note that for any k < n — 1, 

\Jk,ny - lE[Jfc,y 1 Xn]\ < W’SniHsk+Vo < oo) = O _g^||d-2 ^ ’ 

using (12.3p for the last equality. Then by using invariance of the walk by time inversion, we get 


nslv] = o{ IE 

.k,k'<n 


1 


.(i + ii5,r-2)(i + ii5,,r-^) 

Moreover, by using the heat kernel bound (|2.2p . we arrive at 


E 


1 

_{i + \\Skr-2)2_ 


0{l/k) Ad = 3 

0((logfc)/fc2) ifd = 4 
0{k-X2) if d > 5. 


The desired result follows by using Cauchy-Schwarz. 


(3.2) 


(3.3) 
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3.2 Variance of the Martingale 

We establish here Proposition 11.31 Let us notice that onr proof works for M„ only, and not for 
all the Mny^s. If we set for re > 0, 

AMn = Mn+l - Mn, 

then, Proposition 11.31 is a direct consequence of the following result. 

E[(AM„rt^(3.4) 

The proof of (13.41) is divided in three steps. The hrst step brings us to a decomposition of AM„ 
as a hnite combination of simpler terms (13.61) . plus a rest whose L^-norm we show is negligible. 
In the second step, we observe that when we gather together some terms (I3.10p . their L^-norm 
takes a particularly nice form (|3.11l) . Finally in the third step we use these formula and work 
on it to get the right bound. 

Step 1. In this step, we just use the Markov property to write AM„ in a nicer way, up to some 
error term, which is bounded by a deterministic constant. Before that, we introduce some more 
notation. For k < n, set 


Ik,ny = l{{Sk + Vo) n{Sk,..., SnV = Sk + V}. 

The Markov property and the translation invariance of the walk show that for all A: < re 

\^n]= ^ ^Sn-Sk [V f^V' 7^oo) • 

V'cVo 

Note that Ik,n,v' / Ik,n+i,v' imples that 5^+1 and Sk are neighbors. However, the number of 
indices k such that and Sk are neighbors and Iky = 1 is at most 2d, since by dehnition 

of 4, y we only count the hrst visits to neighbors of Therefore the number of indices k 

satisfying Iky / 0 and Ik,ny’ 7^ 4,n+i,y') for some V, is bounded by 2d. As a consequence, by 
using also that terms in the sum dehning Mny are bounded in absolute value by 1, we get 


n—1 


AM, 


ny = 


^4,y(lE[4,y I 4i+i] — "^[Jky I 4i]) + 4ylE[Jn,y I 4^+l] 

n—1 

E E t{y^yi^^Iky^Ik,n+iy''^S„+i-Sk {V H V' TZoo) " 

k=0 V'CVo 

4,n,y'IF’s„-Sfc (P (H P' ^ Koo) I + 4,ylE[4,y I -En+i] 


n—1 


= X] X] 4,y4,n,y'|]Ps„+i-Si, (P n P' ^ 7?.oo) - (p n P'^ 7?.oo) I + 

k=o yny V0 

with |r„^y| < 2d + 1. Summing up over P, we get 

n—1 

AMn = ^ ^ Ikyh,ny'^Sn+i-Sk (p n P' ^ T^oo) (P (h P' ^ IZoo) l+rn, (3.5) 

k=o vnv'^0 

with |r„| < 2^{2d + 1). Lemma l2.II is designed to deal with the right hand side of p.5p . with 
the result that 

AM^ = Y, E n V')lkylk,ny' + 0 {Bn), (3.6) 


k=o vnv'^9 
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with 


1 


(3.7) 


Bn = 


E r 


ZGdTZn 


+ Il'S'n ~ 2 


Id' 


Step 2. The term Bn of (13.71) can be bounded as follows. By using first the invariance of the law 
of the walk by time inversion, we can replace the term 5^ — by z. Then we write 

2 


]E[b2]=]e[ - 


1 


LZGdTZn 


+ P; 


E 


1 


{z G dTZn, z' G dTZn). (3.8) 


(1 +ikrxi+ik'r) 

Then by assuming for instance that ||z|| < || 2 '|| (and z ^ z')^ and by using (|2.3p we obtain 
^(z G dTZni z! G 977„) < lP(77z < oo, Hz’ < oo) 


< 2G{0,z)G{z,z') = o(^ 


1 + ||z||‘^ 2||z' — z\\^ 2 


Therefore 


(3.9) 


E[Bl]=o[ 


^i<lb||<lb' 

Next, we divide the last sum into two parts: 

1 


I^IISd—2|U/||d||2' _ 2 :11 


E 


i< h < b' 


U||2d-2 ||2;'||d||2' — 2:|b“2 


E 

i<lbll<lb'll<2|bll 


2||2/||d||2./ _ ;^\\d—2 


= 01 

a<lbll<lb'll<2|bil 


|_j-||3d-2 \\z' — 2;|b“2 


+ E 

1 < 2 ||^||<|| 2 ' 

+ E 

1 < 2 || 2 ||<|| 2 '|| 


UllSd—2||2;/||d|U' _ 


|2;||2d—2||2./||2d—2 


= 0 ( 1 ). 


Now it remains to bound the main term in (13.61) . For two nonempty subsets U and U' of Vq, 
write U ~ U', if there exists an isometry of sending U onto U'. This of course defines an 
equivalence relation on the subsets of Vq, and for any representative U of an equivalence class, 
we define 

h,n,u = ^ h,v h,n,v' = I{kb n {TZn - Sk) ^U] 

vnV'^u 

and 

(< 5 , 1+1 - Sn,Sn - Sk) 


n—1 


Bn,U — ^ ^ Ik, 


n,U 


k=0 




Note that since the function c(-) is invariant under isometry, we can rewrite the main term in 
(13.61) as 




n,U- 


(3.10) 


u 


Then observe that for any U, 


E[Hl^ I Tn] = 


n—1 


^ ^ Ik,n,U 2 


Sn-Sk 


k=0 


+ ||<5n-5fcr 
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Moreover, since the law of the walk is invariant under time inversion, and since for any path 
So ,..., Sn, and any k, the indicator Ik,n,u is equal to 1 if and only if it is also equal to 1 for the 
reversed path Sn, ■ ■ ■, Sq, we get 


E[Hlu]=n\\nn,u\\% 


(3.11) 


where 


T-Ln,u ■= 


^ dnn,u '■= I'S'fc : Ik,n,u = 1, A: < n - l| . (3.12) 


Z&dTlri^U 

Therefore, we only need to prove that for any U, 


nWn, 


u\\ J = 


C>(logn) if d = 3 
0(1) ifd>4. 


(3.13) 


Step 3. First note that 


E[\\n 


n,U\\ J = 


E 


{z,z') 


- (i+ii2r)(i + ii2'r) 


z G dTin,u, z' G dTZn,u) ■ 


(3.14) 


In dimension 4 or larger, (I3.13p can be established as follows. First Cauchy-Schwarz inequality 
gives for all 2 , z' 

\{z,z')\ < ||z|| Ill'll, 

Then, by using again the standard bound on Green’s functions, that is (|3.9I) . we get the desired 
bound 


nmn,uf] = o\ 


UlP Ik'lP \\z - z'P ^ 


= 0 ( 1 ). 




We consider now the case d = 3. Since it might be interesting to see what changes in dimension 
3, we keep the notation d in all formula as long as possible. Note that if z G dTZn^jj^ then 
||z|| < n and Hz is finite. Therefore the restriction of the sum in (I3.14p to the set of z,z' 
satisfying || 2 :|| < ||z'|| < 2||^;|| is bounded in absolute value by 


EE"i 


2\\z\\ 


I II <11 •2^1 <2II2II <272} 


2 Z' 


(1 + ll^ll'^)^ 


P {Hz < oo, Hz' < oo). 


Moreover, as we have already recalled, for any z ^ z', with || 2 ;|| < || 2 ;^||, 

1 


E{Hz < oo, Hz' < oo) < 2G{{),z)G{z,z') = (j 


zlK ^llz — zT'’* ^ 


Therefore, the sum in ()3.15p is bounded above (up to some constant) by 


(3.15) 


EE ^{l<lhll<l|2'll<2|h||<2n} Ikl 


4-3rf||2 _ 


o E 


|6-3d 


= O(logn) 
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It remains to bound the sum in (|3.14l) restricted to the z and z' satisfying \\z'\\ > 2||2:||. To this 
end observe that the price of visiting z' hrst is too high. Indeed, 


EE« 


{l<2||dl<lb'll<n} 




(1 + ||2||'^)(1 + llz'll'^) 


< Hz < oo) 


o EE ^{l< 2 |b||<|b'||<n}lkl 


1 2d||^ _ ^l\\2 d 


o I{l< 2 |P||<|| 2 '||<n}lk||^ ‘^Wz' 


l-c«ll ...'l|5-3d 


\ 2: z' 

= C>(logn), 


where for the first equality we used in particular Cauchy-Schwarz inequality and again the 
standard bound on Green’s function, and for the second one, we used that when ||z'|| > 2 || 2 ;||, 
we have || 2 ;^|| x Hz — 2 ;'||. Thus in (13.141) we consider the events {H^ < Hz'}. We now refine this 
argument in saying that after Hz+Vo, after having left the ball i?(z, ||z||/2), it cost too much 
to return to z + Vq (and the same fact holds for z'). Formally, for any z, dehne 


Tz := mi{k > Hz+vo ■ Sk ^ B{z,\\z\\/2)}, 


and 


0-2 := inflA: > : Sk^z + Vo], 


Then define the event 

Bz,n,U ■— ^ j" G {Cz — Oo}. 

Observe next that if 1 < ||z|| < ||z'||/2. 


Z G dTln,U, ^ e H!Zn,U-, {Ez,n,U O Ez',n,u)j = O 


l^ipd—4||2'||rf—2 


Therefore, similar computations as above, show that in (|3.14l) . we can replace the event {z and z^ G 
H!Zn,u} by Ez^n,u^Ezi^n,u- So at this point it remains to bound the (absolute value of the) sum 


E 

lb'll>2||2|| 


(z,z') 


(1 + ||z||'^)(l + llz'll'^) 


{Hz ^ Hz't Ez^n,Uj Ez'^n,lj) ■ 


(3.16) 


We now eliminate the time n-dependence in Ez^n,u and Ez/^n,u by replacing these events respec¬ 
tively by Ez^u and Ez'^u defined as 


Ez,u ■= {Hz < 00} n {Vb n {^o - z,..., Sr, - z}^ ~ [/} n {0-2 = oo}. 


Note that when Tz < n we have Ez^jj = Ez^n,u- This latter relation holds in particular when z 
is visited before z', and z' is visited before time n. Therefore one has 


Ez,n,U 0 Ez',n,U O {Hz < Hz'} = Ez,U O Ez',n,U O {Hz < Hz'}. 

In other words in ()3.16l) one can replace the event Ez^n,u by Ez^u- We want now to do the same 
for z', but the argument is a bit more delicate. First define the symmetric difference of two sets 
A and B as A AB = (An B^) U (A‘^ n B). Recall that we assume 1 < ||z|| < ||z'||/2. Let now 
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k < n. By using (|2.2D and (I2.3h . we get for some positive constants c and C (recall also the 
definition (I2.1l) i. 


{Ez',k,U ^ Ez'^u) < 
< 


< 


< 


CE 


[h,' < k < 

1 

1 


CY,^z{Si = z')K 


i=l 

k 


1 + Il'S'fc-j 


.\\d-2 




;-c|h'|lV* 1 


^ i^/i 1 + y/k~E 


— 5 


where for the second and third lines we used the Strong Markov Property, and Cauchy-Schwarz 
and (13.3p for the fourth one. The last sum above can be bounded by hrst separating it into two 
sums, one with indices i smaller than k/2, and the other sum over indices i > k/2. Then using 
a comparison with an integral for the hrst sum, one can see that 


In particular 



Then it follows by using again the Markov property and (12.3p . that 


IP {Ez,U, Ez'^n,U ^Ez'^U, Hz < Hz') < 


< 


IP {Ez',n,U ‘^Ez'^U, Hz < Hz') 

^ ¥{Hz = n-k)¥z {Ez'^k,u A T'y ,f/) 

k<n 

¥{Hz < n) sup P 2 {Ez'^k,u ^ Ez'^u) 
k>l 




In conclusion, one can indeed replace the event Ez'^n,u by Ez'^u in (j3.16p . Now in the remaining 
sum, we gather together the pairs {z, z') and {z, —z'), and we get, using Cauchy-Schwarz again. 


E, (i + i|.|[;'(f+||.r) »• < H,) 


l< 2 ||^||<|| 2 '||<n 

S E 

l< 2 || 2 ||<|| 2 '||<n 


(3.17) 


1^11 d — 111 11 d —1 


IP {Ez,U, Ez'^U, Hz < Hz') -P {Ez,U, E_z',U, Hz < H^z') 


Then for any 1 < || 2 ;|| < ||z'||/2, we have 

IP {Ez^U, Ez',U, Hz < Hz') 

= ^ P {El^, Hz < Hz', Sr,, = y) Pj/ [Hz+Vo = Ez',u) , (3.18) 

j/GaB(2,||2||/2) 

where by dB[z, ||2;||/2) we denote the external boundary of B{z, ||2;||/2), and where 

Elu ■■= {^0 f^{So-z,...,Sr,- zY ~ U], 
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(3.19) 


Now for any y G dB(z, ||2:||/2), and ||z'|| > 2||2:||, by using again (|2.3I) we get 

(-^2+Vb = OO, Ez’^u) = IPy {^z',u) — C> ^ ||_j,||d-2||_2/||d-2^ ' 

Moreover, the same argument as in the proof of Lemma [2 .11 shows that if y and y' are neighbors, 

IPy {l^z',u) = ^y' {^z',u) + O ’ 

Therefore if 1 < ||^;|| < ||z'||/2 and y G dB{z, ||^;||/2) we get 

P, {E,',u) = P„ + O = p„ (E^, „) + o (p!p(t) ■ (3.20) 

On the other hand, by symmetry, for any U, 

Po {Ez',u) = IPo {E-z',u) ■ 

By combining this with (I3.17p , (|3.18p , (|3.19p and (|3.2Up , we obtain (I3.13P and conclude the proof 
of M . 

4 Lower Bound on the Variance 

In this section, we prove Proposition 11.71 The proof is inspired by the proof of Theorem 4.11 in 
IMS], where the authors use lazyness of the walk. Here, since the walk we consider is not lazy, 
we use instead the notion of double backtracks. We say that the simple random walk makes 
a double backtrack at time n, when S'n+i = Sn-i and Sn +2 = Sn- When this happens the 
range (and its boundary) remain constant during steps {n + 1, n + 2}. With this observation in 
mind, a lower bound on the variance is obtained as we decompose the simple random walk into 
two independent processes: a clock process counting the number of double-backtracks (at even 
times), and a trajectory without double-backtrack (at even times). 

4.1 Clock Process 

We construct by induction a no-double backtrack walk (Sn, n G N). First, Sq = 0, and Si and 
S 2 — Si are chosen uniformly at random among the elements of Vq (the set of neighbors of the 
origin). Next, assume that Sk has been defined for all k < 2n, for some n > 1. Let A /2 = {(x, y) : 
X ~ 0 and y ~ x} and choose (X, Y) uniformly at random in A /2 \ {(5'2n-i — S 2 n-, O)}. Then set 

S2n+l = S2n + X and S2n+2 = S2n + Y. (4.1) 

Thus, the walk S makes no double-backtrack at even times. Note that by sampling uniformly in 
the whole of A /2 we would have generated a simple random walk (SRW). Now, to build a SRW 
out of S', it is enough to add at each even time a geometric number of double-backtracks. The 
geometric law is given by 

P(^ = k) = {1 — p)p^ for all A: > 0, (4.2) 

with p = 1/(24)^. Note that the mean of ^ is equal to p/{l — p). Now, consider a sequence 
(Cn, n > 1) of i.i.d. random variables distributed like ^ and independent of S. Then define 

[fc/2] 

Nq = Ni = 0 and Nk := for k >2. (4-3) 

i=l 
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A SRW can be built out from S and N as follows. First, Si = 5* for i = 0,1, 2. Then, for any 
integer k > 1 


S2i-i = S2k-i and S2i = S2k for all ie[k + A^2(fc-i)j ^ + ^2k]- 
This implies that if IZ is the range of S and dTZ its boundary, then for any integer k 

'^k+2Nk ~ ^'^k+2Nk ~ 9'^k- 


(4.4) 


4.2 A Law of Large Numbers and some consequences 


Recall that Okada [Oklj proved a law of large numbers for | dTZn \, see (II.3p , and call the limit 
of \dTZn\/n. Since Nn/n also converges almost surely toward p/[2(l — p)], we deduce from (14.411 


that 


\dTZn\ _^ l^d 

n 1 — p 


almost surely. 


(4.5) 


Let us show now another useful property. We claim that for any a > 0, 


lim P(|(7 ^'oq)’'' nTZ^l > ar) = 0, 


(4.6) 


where TZ'^ is the total range of another simple random walk independent of TZ. To see this recall 
that the process {TZn) is increasing, and therefore using (14.4p one deduce 

P(|(7^'^)+ ni^+l > ar) < ¥{Nr > ^r) + P(|(7^'^)+ n 7^+J > ar), 

with C = 2p/{l —p) + \. The first term on the right-hand side goes to 0, in virtue of the law of 
large numbers satisfied by N, and the second one also as can be seen using Markov’s inequality 
and the estimate: 


]E[|(7^'^)+n7^+,|] < ^ J]G(0,z + x)Gcr.(0,z + y) = O(V^logr), 

which follows from (j2.3p and |LG[ Theorem 3.6]. 

A consequence of (14.611 is the following. Define c = t'(i/[2(l — p)]. We have that for k large 
enough, any t > 1, and r > y/k 

^{\&TZk\ >t)>\ 

and also 

iP(|5:^fc| <t)>\ 

To see this hrst note that the set-inequality (II.9p holds as well for TZ. Hence, with evident 
notation 

\dTZk+r\ > \&Rr\ + \&R{r,k + r)\-2\TZ+{r,r + k)nTZ+\. (4.9) 

Now observe that the last intersection term is stochastically dominated by |(7?.(^)''' n7?.^|, with 
a copy of TZoo, independent of TZ^. Therefore, (|4.5p . (14.6p and (|4.9p immediately give (|4.7I1 
and (14.811 . 


F{\dTZk+r\ >t + cr) >-, 


F[\d7Zk-r\ <t — cr) > -. 


(4.7) 

(4.8) 
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4.3 Lower Bound 

First, by using (I1.13li . there is a positive constant Cq > 2d, such that 


|E[|(97^n|] — i^dn\ < Co^/n for all n > 1. 


(4.10) 


Take kn to be the integer part of (1 — p)n. We have either of the two possibilities 

(i) FddTZkJ < i^dn) > ^ or > ^dn) > (4.11) 

Assume for instance that (i) holds, and note that (ii) would be treated symmetrically. Dehne, 
in = [(1 — p)(n — Ay/n)], with A = 3C'o/(c(l —p)), and note that using (14.8p 

P{\dniJ < i^an-SCoV^)) > (4.12) 

for n large enough. Now set 


I3n = 


2W„ - 2E[W, 


n 


e [A + l,A + 2] 


Note that there is a constant > 0, such that for all n large enough 

IF’(^n) > CA- 


(4.13) 


Moreover, by construction, 

Bn C + 2iVi^ G [n,re + 3V^| . (4.14) 

Now using the independence of N and dTl, (|4.4I) . (|4.12D . (|4.13l) and (I4.14p . we deduce that 
P(3m € {0,... ,3v^} : IdTZn+ml < I'dn - 3Co\/n) > ^. 

Then one can use the deterministic bound: 

\d'Rn\ < \&Rn+m\ + 2.dm, 

which holds for all re > 1 and m > 0. This gives 

P(|d7^„| < Vdu - 2CoVn) > 

which implies that Var(|d7^„|)/re > CqCa/4: > 0, using (|4.10p . 


5 On Le Gall’s decomposition 

In this Section, we establish Proposition 11.61 and Theorem 11.81 
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5.1 Mean and Variance 

Inequality (ll.9p holds since 

z G dTl{0, n)\[Sn + Tl{n, n + m,))^ U d{Sn + TZ{n, n + m))\R,'^{0, n) => z G dTl{0, n + m). 
Define 

V(i, j) = |«97^(^, j)| and V(i, j) = V(z, j) - E[V(i, j)]. 

Observe that in dED the deviation from linearity is written in terms of an intersection of two 
independent range-like sets. This emphasizes the similarity between range and boundary of the 
range. Now (ll.9p implies the same inequalities for the expectation. 

0 > E[V(0, n + m)] — (E[X(0, n)] -|- E[V(n, n + m)]) > —E[Z(n, m)]. (5.1) 

Combining (II.9p and (|5.ip . we obtain our key (and simple) estimates 

|V(0,n + m) — (V(0,n) + X{n,n + m))| < max (Z(n,m),E[Z(n,m)]). (5.2) 

If ||V||p = (E[VP])^/^’, then using the triangle inequality, we obtain for any p > 0, 

|||V(0,n + m)\\p - ||V(0,n) + X{n,n + m)\\p\ < \\Z{n,m)\\p + \\Z{n,m)\\i. (5.3) 

The deviation from linearity of the centered p-th moment will then depend on the p-th moment of 
Z{n,m). We invoke now Hammersley’s Lemma m, which extends the classical subadditivity 
argument in a useful manner. 

Lemma 5.1. [Hammersley] Let {an), {bn), and {b'n) be sequences such that 

an T ani ^ ani-\-n — an T ani T bn-\-m fac all TTi and n. (5*4) 

Assume also that the sequences {bn) and {b'^) are positive and non-decreasing, and satisfy 


J^T±4<oo. 


n>0 


n{n + 1) 


Then, the limit ofon/n exists, and 


b' 


^+4 y 

n ^ k{k + 1) 

k>2n ^ ’ 


> ^ _ lim ^ - 4 y 

n k^oo k n 




k>2n 


k{k + l)' 


(5.5) 


(5.6) 


We obtain now the following moment estimate. 

Lemma 5.2. For any integer k, there is a constant such that for any n,m integers, 

E[Z^(n,m)] < Ck{'4>d{n)ijjd{'m))^^^■ (5.7) 

Recall that ifd is defined in il.ll]) . 

Proof. Observe that Z{n,m) is bounded as follows. 

Z{n,m) < 2 G 77“'“(0,n) n {Sn + 77^(n, n + m))} 

< 2 y l{z G ^'*'(0, n) n 77^(n, n + m)} 

< 2 ^ ^ ^ l{z + X £ ^(0, n), z + p G 77(n, n + m)}. 

xfZVo y&Vo 
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We now take the expectation of the k-th power, and use the independence of 7^(0, n) and 
TZ{n,n + m). Then (recalling the defintion (12.41) of and using (12.51) for the last inequality) 


E[Z^{n,m)]<2’^ E ••• E E ^ 


Wl{zi + Xi G ^(0,n)}I{ 

x\,yi&Vo Xfc.yfcGVo 

^2" E ••• E E = = 

x\,y\&Vo Xk,yk&Vo^^’—’^k 

1/2 / 2\ 1/2 


< 


< 


E <n, Vz = l,...,fc)') ( = 


Zl,...,Zh 


Zl,...,Zk 


2"|yoP"fe!( Gl{0,z,)...Glizk-i,Zk)y^"(^ Y1 Gl{0,zi)...Gl{zk-i,Zk)) 


1/2 


Zl,...,Zk 


Zl,...,2fc 


1/2 


< Gk(ipdin)i’di'm)^ 

which concludes the proof. 


□ 


Henceforth, and for simplicity, we think of il^d of (II.lip rather as = 0{^/n), 'ip 4 {n) = 

C)(log(n)) and for d > 5, ipd{n) = 0(1) (in other words, we aggregate in ijjd innocuous constants). 
As an immediate consequence of m and Lemma 15.21 we obtain for any n, m G N, 


E[|97^„|] +]E[|97^^|] -max(i/;rf(n),V’d(m)) <E[|97^„+™l] <]E[|97^„|] +E[|97^^|]. (5.8) 

The inequalities of (15.81) and Hammersley’s Lemma imply that the limit of E[|cl7?.„|]/n exists 
and it yields (jl.l3l) of Theorem 11.81 


Variance of A(0, n). Let us write (|5.3p for p = 2 

|||A(0,n + m )||2 - ||-T(0,n) + V(n,n + m)|| 2 | < 2||Z(n,m)|| 2 . 

Now, the independence of V(0, n) and X{n,n + m) gives 

||A(0,n) + V(n,n + m )||2 = ||V( 0 ,n )||2 + ||V( 0 ,m)|| 2 . 

By taking squares on both sides of (15.9|) and using (I5.10D . we obtain 

||X(0,n + m )||2 <||V(0,n)||| + \\X{0,m)\\l + 4||V(0,n) + V(n,n + m)||2||2'(n,m )||2 

+ 4||Z(n,m)||2, 

and 

Il^(0>ii)ll2 + Il-^(0>"i)ll2 <||X(0,n + m)||i + 4||A(0,n + m)|| 2 ||^(n,m )||2 

+ 4\\Z{n,m)\\l. 

Now define for i > 1, 

Ai:= sup ||A(0,/)||i. 

Next, using (|5.10p . (15.111) and Lemma [52] with k = 2, we deduce that for any f > 1 and e > 0 
(using also the inequality 2ab < ea? + 6^/e), 


(5.9) 

(5.10) 

(5.11) 

(5.12) 


^£+1 < (1 + e)2A£ + (1 + -^'ipd{‘^ )■ 


(5.13) 
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We iterate this inequality L times to obtain for some constant C independent of L 

1 ^ 

Al < C{1 + e)^2^ + C(1 + -) ^(1 + 

^ i=i (5.14) 

< C L? 2^ when we choose e = —. 

1j 

Then we use the rough bound of (I5.14p as an a priori bound for the upper and lower bounds re- 
soectivelv (|5.1ip and (15.121) for the seouence a„ = VarfXi'O. re)) , in order to apply Hammersley’s 
Lemma with = b'^ = -y/relogre x In dimension four or more we do fulfill the hypotheses 

of Hammersley’s Lemma, which in turn produces the improved bound \ax{\dTZn\) < Cre, and 
then again we can use Hammersley’s Lemma with a smaller bn = b'^ = y/nipdin) which eventu¬ 
ally yields (I1.14p of Theorem 11.81 The fact that the limit of the normalized variance is positive 
follows from Proposition 11.71 


5.2 Central Limit Theorem 


The principle of Le Gall’s decomposition is to repeat dividing each strand into smaller and 
smaller pieces producing independent boundaries of shifted ranges. For two reals s,t let [s], [t] 
be their integer parts and define X{s,t) = -T([s], [t]). For i and k integer, let = X{{k — 

l)re/2^, kn/2^). Let also be the functional of the two strands obtained by dividing the k-ih. 
strand after £ — 1 divisions. In other words, as in (ll.lOp (but without translating here) let 


=|l7nt/+| + |t/+n[/|, 

with 

[/:= and C := ..., 

Thus, after L divisions, with 2^ < re, we get 




L 2^ 


.{L) 
^i.n ‘ 


2 = 1 


£=1 2=1 


2=1 


The key point is that {x\^^, i = 1,...,2^} are independent, and have the same law as 
X(0, re/2'^) or X(0, re/2^ -|- 1). Now, we define the (nonnegative) error term £{n) as 


2^ 

X{^,n)=Y,x\^-£{n), 

2=1 


and (|1.9p and (|1.13|) imply that 


L 

£=1 

Note that, in dimension d > 4, we can choose L growing to infinity with re, and such that 
^[£{n)\/y/n goes to 0: for instance 2^ = -y/re/log^(re). Therefore, for such choice of L, it suffices 
to prove the Central Limit Theorem for the sum Yli=i • ^ur strategy is to apply the 
Lindeberg-Feller triangular array Theorem, that we recall for convenience (see for instance m 
Theorem 3.4.5] for a proof). 
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Theorem 5.3 (Lindeberg-Feller). For each integer N let : 1 < i < N) be a collection 

of independent random variables with zero mean. Suppose that the following two conditions are 
satisfied 

(i) J —>■ > 0 as oo and 

(ii) h[{\XN^i\ > s}] ^ 0 as N ^ oo for all e > 0. 

Then, Sn = X^^i + ... + Xn,n crj\f{0, 1) as N ^ oo. 

We apply Lindeberg-Feller’s Theorem with N = 2^ and Xjsf^i = x\.^l^fn. The condition (i) 
was proved in the previous subsection. The condition (ii) is usually called Lindeberg’s condition. 
To check (ii), we estimate the fourth moment of X{0,n), and as was noticed by Le Gall |LG[ 
Remark (iii) p.503], this is achieved using the previous decomposition and a sub-additivity 
argument. More precisely, using (15.3D with p = 4, we have 

||X(0,n + m)||4 < ((]E[X^(0,n)] +6]E[X^(0,n)]]E[X^(0,m)] +]E[X^(0,m)])y^^ 

+ V'>Pd{n)'ifd{'m). 


Thus, if we define for £ > 1, 

A'^:= sup ||X(0,i)||4, 
2^<i<2^+l 

we obtain (using also that (a -|- b)^^^ < af^^ F b^^^ for any a, b), 


Define then A'^ = sup 2 ^<j< 2 ^+i ||A"(0,f)||4/2^/^, and recall that A^ < Cd2^, for some constant 
Cd > 0, in dimension four and larger. Therefore if d > 4, 


A 


" < 
£- 1-1 — 


21/4 


Nf + + 


2 (£+ i )/2 ■ 


This recursive inequality implies that (A") is bounded, as well as n ||X(0, n)|||/n. We then 
deduce that Lindeberg’s condition is satisfied, and the Gentral Limit Theorem holds for X(0, n). 


Appendix 


A Estimates on Ranges 

In this section, we prove Proposition 11.41 We first introduce some other range-like sets allowing 
us to use the approach of Jain and Pruitt m- Recall that the sets TZny are disjoint, and for 
U C Vo, define 

'Xn,u ■= IJ Xny = {Sk ■ Sk ^ 7^fc-i and Si ^ {Sk + U), i < k - 1, 1 < k < n}. (A.l) 

v^u 

Next for U cVq, define 

a{U) = l^Znyl—^{iF-nyl) and (3(11) = \TZny\—^{IXnyl) ■ 
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The definition (jA.lh yields 


»iu) = Y1 

vdu 


and this relation is inverted as follows: 

udv 


As a consequence, for V C Vq, 

Var(|7^n,v|) = E {p\V)) < E {a\U)) . 

uziV 

We will see below that each TZny has the same law as a range-like functional that Jain and 
Pruitt analyze by using a last passage decomposition, after introducing some new variables. 
But let us give more details now. So first, we fix some V C Vq; and for n € N, set Z” = 1, and 

Z, = l({5*+fc 0 (5,+F) Vfc>l}) VzGN, 

Zf = 1 ({5,+fc 0 (5, + 1/) V/c = l,...,n-i}) Vi<n 

Wp = Zf-Z* Vi<n, 

where 

V = PU {0}. 

A key point in this decomposition is that Z„ and Z” are independent. Now, define 

n—1 

'Kny = {^k ■ Si^ Sk + V, n>i> k, <k <n}, and \'Kny\ = (^-2) 

i=0 

Since the increments are symmetric and independent, \R-ny \ and are equal in law. Now, 

equality (IA.2I) reads as 


n —1 n —1 


\n^y\ = Y,z, + Y,w^. 


2=0 i=0 

Now using that Var(|7?.,i^y|) < E[(|7?.„y| — (“ + 

obtain 

n—1 n—1j-1 n—1 j 

Var(|E„.v|)<2^ Var(Zi) + 4 EE Cov(Zi,Zj) -k4 EE E {WPW^) . (A.3) 

i=l j=l i=0 j=l i=0 

Next for i < j < n, we have (recall the definition (12.11) 1 

E{Wl^W^) = E (n < < oo, n < < oo) 

= ^ E(5'j_i = x, Hy>j- i) ¥a:{n- j < Hy < oo, n- j < < oo) 

x0 

< ^ F{Sj-i = X, Hy>j- i) j < Hy < oo, n-j< H^yy < oo), 

x^V 
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where for the second equality we just used the Markov property and translation invariance of 
the walk. The last inequality is written to cover as well the case i = j. Therefore, 


j 

^E{WPW^) 

i=0 


- n- j < < oo) 

x^V 

< ^ Gj{0,x)¥x{Hy < oo, n- j < < oo). 

y,z€V 


Then Lemma 4 of m shows that 


and thus 


i=0 


• o(la|) ifd = 4 

O ((n — if d > 5, 


n-i j ( 0{n) if d = 3 

EE K{w:^wp) = \ 0((logn)2) ifd = 4 
j=i i=o [ Cl(l) if d > 5. 


(A.4) 


Now, for i < j < re, by using that Zj and Zj are independent, we get 


CoY{Zi,Zj) = -Cov(W/,Zj). 


On the other hand, assuming i < j < n, 


E{WlZ,) = = 


r(i+i) _ 


Si+V 


OO 


Since in addition, 
and 


^ P(5j_i = X, Hy> j - i) [Hy < oo, H^^y = oo). 
x^V 

lE(Zj) = Pa; i^H^yy = oo) for all x, 


nwi) = J] P (^i-i =X,Hy>j- i) Pa; {Hy < oo) , 
x0 


we deduce that 


with 


Cov(Zi, Zj) = ^ F{Sj-i = X, Hy> j - i) bv{x), 
x^V 


bv{x) := Pa; {Hy < oo) Pa; {H^yy = oo) - Pa; {Hy < OO, H^yy = oo) . 


Now we need the following equivalent of Lemma 5 of m- 


(A.5) 
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Lemma A.l. For any V C Vq, and x ^ V, 

bv{x) = ^x{Hy < < oo)¥x,{Hy = oo) + £{x,V), 

with 

£{x, V) := < Hy) (P.(% < oo) - Fx{Hy < oo)) . 

z&x+V 


Moreover, 

Assuming this lemma for a moment, we get 


Oj = '^CoY{Zi,Zj) = '^'^F{Sj-i = X, Hy> j-i)hv{x) 
i=0 i=0X0V 


o E 


Gj(0,x) 


o E 


1 


|j.||c/—1 j I / ||j,||2cZ—3 


\x^v " " / \i<lkll<i 

C>(log j) if d = 3 
0(1) \id>A, 


from which we deduce that 


n—1 

E 

3=0 


(Xd - 


O(nlogn) if d = 3 
0{n) if d > 4. 


(A.6) 


Then Proposition 11.41 follows from (IA.3D , (IA.4I) and (IA.6I) . 
Proof of Lemma \A.l[ Note first that 


bv{x) = Fx{Hy < 00 , H^^y < 00 ) - Fx{Hy < oo)Fx{H^_^y < 00 ) 

= Fx [Hy < H^^y < 00 ) + Pa; [H^^^y < Hy < Oo) - Fx {Hy < Oo)Pa; {H^^y < Oo) . 

Moreover, 




zGx+V 

^x{H^_^y < Hy)Fx{Hy < OO) + £{x,V). 


The hrst assertion of the lemma follows. The last assertion is then a direct consequence of 
standard asymptotics on the gradient of the Green’s function (see for instance im Corollary 
4.3.3]). □ 

Remark A.2. By adapting the argument in m we could also prove that in dimension 3, 
Var(l^^yl) ~ cr^nlogn, for some constant fi > 0, and then obtain a central limit theorem for 
this modified range. However it is not clear how to deduce from it an analogous result for \TZny\, 
which would be useful in view of a potential application to the boundary of the range. 
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